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1. INTRODUCTION 
Here we establ ish the following kind of results (Theorem 1). 
Let f E Cn([a,b]), n > 1, x0 e (a,b) fixed, 0 < h < b -  a. Then 
- ( ) ~21 (f ,  x0, h) _< k! ' + ~.w " wl f('~), x0, h , ( . )  
k=l 
where wl( . ,x0,  h) is the first local modulus of cont inuity at x0. In Theorem 2, we present the 
analogous to ( . )  inequal i ty involving the second local modulus of cont inuity at Xo: w2(., x0, h), 
when n is even. F ina l ly  in Theorem 3, we present he mult ivar iate analog of inequal i ty ( .) .  
2. ONE-D IMENSIONAL RESULTS 
We need to introduce the following. 
DEFINITION 1. Let f E C([a, b]) and xo E [a, b]. Then the first local modulus of continuity of f 
at xo is defined as follows: 
wl (f ,  x0, h) := 
where 0 < h < b -  a. 
We need the following auxi l iary result. 
sup If(x) - f (xo)l , (1) 
x~[a,b] 
Ix-xol<_h 
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LEMMA 1. Let [a,b] C ~, xo E (a,b). Consider f E Cn([a,b]), n > 1, and denote ¢(z)  
f (n ) (x )  - f('~)(zo). Then (a < x < b) 
f (x )  - f (xo) = ~ f(k) (Xo) 
k~ 
k=l  
- -  • (z - zo) k + 7zn (~o, z ) ,  
where 
j~x ~ (x - t) n-1 
a ,  (xo, z) := ¢(t ) .  7 : - -  ~ • dr. 
o 
PROOF. By Taylor's Theorem. 
Next comes our first main result. 
THEOREM 1. Let f E cY([a, b]), 1 < n < N,  xo E (a, b) fixed, and 0 < h < b - a. Then 
w: ( : ,  Xo, h) < " + -Zi " w: . 
k=l  
PROOF. Prom Lemma 1, we have the following: case of x _> xo, such that  x - xo < h, then 
Inn (xo,~)l <- f~o f (n) ( t )  -- f (n) (Xo) " -(n---~i(x - t) n-1 .dt  
-< w: ( f (n ) 'x° 'h )  " f f f  (x - -(n'---~) I" . dt 
n! - n ! '  
i .e . ,  
( ) "  In~(xo,x)l_<w: f (n ) ,xo ,  h • n--(. '
Case of x < x0, such that  xo - x < h, then 
when x >_ Xo. 
IRn (xo,x)l _< f==o f (n) ( t )  _ f(n) (xo) . -(n--_ - t in-1 . dt 
~OJ1 (f(n',xo, h) " fxX° (~nX)7)la .dr 
" 
< ~1 ' n-~' 
i .e . ,  
h__n_ ~ 
I~n (~o,~), < ~: (S(n~,~o, h) ' 
- -  n ! '  
Hence, from (5) and (6), we obtain 
when Xo _> x. 
/ \ h___~ ~ 
,a .  (xo,x)t < ~1 [s(°),xo, h) • 
- H I '  
where 0 < Ix - xo[ < h < b - a. Consequently, from (2) and (7), we find 
If(x) - f (Xo)[ < ~ If(k) (xo)t 
- k !  
h n 
\ ]  
where 0 _< Ix - xol < h < b - a. Then from Definition 1 and (8), we establish inequality (4). 
To continue, we need the following notion. 
(2) 
(3) 
(4 )  
(5) 
(~) 
(7) 
(s) 
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DEFINITION 2. Let f • C([a, b]) and xo • [a, b]. Then the second local modulus of continuity 
of f at xo is given by 
w2(Y, xo,h):= sup [$ (xo+y)+ f (xo -y ) -2 f (xo) [ ,  (9) 
a l l  y:a<zO't-y<b 
with [yl<h 
where 
Our second main result follows. 
THEOREM 9.. 
Then 
where 
PROOF.  
we  have  
b-a  
O<h<- -  
2 
Let f • cN([a,b]), N • N and n even such that 2 <_ n <_ N, xo • (a,b) fixed. 
" ( ) ,~/2 if(2p)(xo) [ .h2" + "w2 f(n),xo, h w2 (f, xo, h) _< 2. E (2p)! ~.l ' 
p=l 
b-a  
0<h< - -  
2 
(lO) 
Let f as in the assumption and y E [a, b] such that xo 5=_ y c [a, b]. Then by Lemma 1, 
/' (zo + v) - Y (xo) = ~ f(~) (xo).  vk n,,  (~o, + v) k! + Xo , 
k=l  
where 
u ' ( ' ° "°+Y) :=/ ' °+"( f ( '>( t ) - f ( '>( ' ° ) )  ' ( ' ° + y - t ) : - l . . o  ~; - - i7  .dr .  
By the change of variable method, we get 
~ (xo, ~o + y) = fo ~ (s (~) (~o + t) - s (~) (xo)). (y - t)~-~ ~--- V .dr. 
Also, by Lemma 1, we get 
S (zo - v) - f (zo) ~ s(~) (xo)( y)k = )~] - + n~ (zo, xo - y), 
k=l  
(11) 
(12) 
(13) 
(14) 
where 
- -  ~-- [X0- -y  - -  . 
n~ (xo,~o v) ..o (S(~)(t) S ('~) (~o)) (~o-~_n:iy.V- t) ~ : .dr 
= - fo -~ (s (~) (~o + t ) -  s (o) (~o)). (y~-_- ~ + t)o-, d t  
; = u (S (n) (xo + t) - f(n)(xo))" (y (n-_-~l "+ t)n-1 .dr 
1 ° = - (S (~> (xo - t) - S (~> (xo)) • (v - t)~-I (n - l ) !  "dr' 
i.e., 
r~,~ ¢xo, xo - y) -- ~ jo ~ "7 (°) (xo - t) - s (~ ' (xo))" (y t)n-1 
Consider now the central second-order differences 
(n - 1 is odd) 
• dr. (15) 
(A2vf) (xo) := f (Xo + y) + f (Xo - y) - 2f  (Xo) (16) 
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Jo'( ) ~,  (xo, xo + y) + nn (Xo, :co - Y) = A2f (") (:co)" 
Adding (11) and (14), we get 
and 
(A2f  (n)) (:Co) = f(n) (:cO + t) + f(n) (:cO - -  t) - -  2f (n) (:cO). 
Therefore, from (13) and (15), we have 
(y - t)~-~ 
(n - 1)[ 
That is, 
where 
Let h_>y_>0, then 
hi2 f(2p)(:co) 
(zx~S) (:co/= 2. ~ (2p)! Y~" + 
p=l 
(17) 
• dt. (18) 
Y (y _ _  t)n-  1 
-/~ if(2.)(:co)l I(A~f) (:co)l -< 2 ~ (2p)! . y2. + r(y), 
p=l 
r(y) := f f  (A~f("))(:co). (Y -- t)n-1 • dt (n -  1)! ' 
F(y) < L y_  (A2tf(n)) (:co) • (Y-t)n-l(n-._--~).l dt 
_< Luw2 (f(n),xo,t) . (y - t)n-l-(n-_--~)i, dt 
_< 
( )" <_w2 f(~),xo, h " n--f' 
i.e., 
h,~ 
¥ . ,~ ,  ~ ts(..), :co, h), F(y)  < 
Let y _< 0 such that -y  < h, then 
O~y<h.  
i.e., 
Lo rm) <_ (zx,~s (">) (xo) , (t.£: V),-  y)n-, ~t 
-< L°w2 (/(")':c°' ltO " (t - y)"-l"(n-T~! ,dr 
-< w2 (f(")':c°' lYO " L ° (t - y)'~-lin--~)! .dr 
Mo 
y<O: -y<h.  h 
n 
F(y) < 
So that h n 
¥ "~,  ~ tscn) :co, h), F(y) _< 
Consequently, from (20) and (24) we get that 
all lYl -< h, 
(19) 
hn 
° '~ I :  ",(~o)l : . ,  ,~ (:°>,=o,~), I(zx~s) (:co)l _< 2 E (2p)~ ¥ 
p=l 
Taking the supremum in the left-hand side of (25) over all y: lyl 
inequality (10). 
(20) 
(21) 
(22) 
(23) 
(24) 
b-a 
o < h < --7--  (25) 
< h, we obtain the desired 
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3. A MULT ID IMENSIONAL RESULT  
We need the following. 
DEFINIT ION 3. Let (I/'1, I1" II1), (V2, I1" 112) be real normed vector spaces, Q a compact subset of V1 
and Xo E Q. For a continuous function f : Q --* V2, we define the first local modulus of continuity 
at xo as 
wl (f,  zo, h) := sup{] l f  (x)  - f (xo)H2 : a11Z E Q , ] lZ -  XO]ll _< h} , (26) 
where h > 0 is fixed. 
We present our final result. 
THEOREM 3. Let Q be a compact and convex subset of R k, k _> 1 and xo E Q fixed. Let 
f E Cn(Q) and suppose that each n th partial derivative fa := ~ where ~ := (o~1,. , O~k) ,
k c~i 6 Z +, i = 1,. . .  , k, Ic~[ := ~-~i=1 ai = n, has, relative to Q and the el-norm II • II and II • ]loo, a 
first local modulus of continuity at ~o: wl (f~, ~o, h). Here h > 0 is given, and we call 
w (~o) := max (wl (f~,Zo, h)), 
~:1~1=~ 
(i.e., wl ( fa ,Zo,  h) <_ W(Zo), all a : lc~l = n). Then 
wl (f, eo, h) < ~ j! 
j= l  
• h3  + W( io )  • h ~ • k n 
n! (27) 
Here the first local modulus of continuity of f at Zo is taken with respect o II' II1 := Jl" Ile~-norm 
in Q and I1' lt2 := It" IIo~-supremum norm in C'~(Q). (See Definition 3.) 
PROOF. Here Zo = (xol, . . .  ,x0k) E Q is a fixed point and let 
g~(t) := f (~o + t. (z - ~o)),  t > 0. (2s) 
Thus 
The j th  derivative of g~(t) is given by 
and 
g~(O) =f(~o). 
o)Jl 
g(~J)(t) = (zi - xoi) " ~x~ f (xm ÷ t . (zl - Xo l ) , . . .  ,Xok + t .  (zk -- Xok)), 
i=1 
¢/ ) (o )  = (z~ - xod  . v~z~ f (eo) ,  j = l . . . .  ,n .  
0 J 
k Here, IIzllll : -  ~=x Izil. Notice that 
g~J)(0) _< h i .  
given that Hz - xoHe~ _< h. 
By Taylor's Theorem in •k, k > 1, we have 
f (e) - f (eo) : j! + nn  (£0) ,  
j= l  
(29) 
(30) 
(31) 
(32) 
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where 1 
:= . g (~)  t~ - 
Here 0 < t < 1, [I ~'-  ~oll~, -< h and 
¢d1 (f~,:~0,t'  [[Z*-- :~0[[£x ) ~__ 021 ( fa,£0,t" h) _< CO 1 (f~, £o, h) _< w (£o). 
Therefore, 
If~ (~o + t. (g -  ~o)) - f~ (~o)1 _ 0")1 (fa,Xo, t" I Ig- ~ollel) - w (~o) • 
Hence, 
(33) 
(34) 
(35) 
Thus, from (26) in this setting, (31)-(33), and (37), we obtain inequality (27). 
REFERENCES 
1. A.F. Timan, Theory of Approximation of Functions of a Real Variable, Macmillan, New York, (1963). 
i.e., 
Inn(~,O)l < w(~o), h n .  k n 
- -  n !  
I~,~(~,o)1 
<_w(~o)'h n . . . . .  dtn ... dr1 =w(xo) '~ .  "k ~, 
I al! ak! 
(36) 
